Phase-controllable transport in laser-irradiated spatially symmetric systems is shown to arise both quantum mechanically and classically from a common field-driven interference mechanism. Specifically, the quantum-to-classical transition for symmetry breaking in a quartic oscillator driven by an ! 2! field is studied. For this, a double perturbation theory in the oscillator anharmonicity and external field strength, that admits an analytic classical limit, is carried out in the Heisenberg picture. The interferences responsible for the symmetry breaking are shown to survive in the classical limit and are the origins of classical control. Differences between reflection symmetry that plays a key role in the analysis, and parity that does not, are discussed. DOI: 10.1103/PhysRevLett.97.040402 PACS numbers: 03.65.ÿw There are several qualitatively different ways to induce directed charge transport in spatially symmetric systems. The obvious choice is to subject the system to a bias voltage. Alternatively, it is also possible to drive the system with a zero-mean time-periodic electric field (e.g., a laser source) with frequency components j! and k!, where j and k are integers of different parity. The response of the system is net dipoles or currents whose magnitude and sign can be manipulated by varying the relative phase between the two laser frequencies. Hence, the j! k! field breaks the inherent left/right symmetry of the system without introducing a bias in the potential. Below we focus on the popular case of j 1, k 2, although the arguments are quite general.
There are several qualitatively different ways to induce directed charge transport in spatially symmetric systems. The obvious choice is to subject the system to a bias voltage. Alternatively, it is also possible to drive the system with a zero-mean time-periodic electric field (e.g., a laser source) with frequency components j! and k!, where j and k are integers of different parity. The response of the system is net dipoles or currents whose magnitude and sign can be manipulated by varying the relative phase between the two laser frequencies. Hence, the j! k! field breaks the inherent left/right symmetry of the system without introducing a bias in the potential. Below we focus on the popular case of j 1, k 2, although the arguments are quite general.
Laser-induced symmetry breaking has been studied theoretically [1] [2] [3] [4] [5] and demonstrated experimentally [6 -8] in systems ranging from atoms to solid state samples. The effect is of general applicability and, with current laser technology, can be used to induce directed transport on a femtosecond time scale in any anharmonic symmetric system. Such field-induced asymmetry in quantum mechanics is attributed [1] [2] [3] 8] to the creation of superposition states that are not eigenstates of the parity operator. Further, the quantum picture regards the symmetry breaking as arising from interference between two independent optical pathways to the same final state [1] [2] [3] 7, 8] , an effect that is also nonclassical. Specifically, the two pathways in this case are a one-photon and a two-photon route. Since the one-photon process creates states with opposite parity to the initial state while the two-photon process couples states with the same parity, the interference between them creates an excited state of broken symmetry.
However, symmetry breaking has also been observed in classical mechanics [9] , where parity is not a conserved quantity and quantum interference does not play a role. Further, unrelated classical and quantum arguments for symmetry breaking have been given in terms of the thirdorder nonlinear response of the system to the radiation field [10 -12] . In this order, the system response mixes the laser frequencies and their harmonics in such a way as to generate a phase-controllable zero-harmonic (dc) component in the photoinduced dipoles/currents.
Given this collection of results it is, quite simply, unclear how quantum and classical symmetry breaking are related, if at all.
In this Letter we address this issue by analytically considering the quantum-to-classical transition of the net dipole induced by an ! 2! field in a quartic oscillator. This is the simplest model with well-defined classical analog wherein induced symmetry breaking is manifest. To do so, we introduce a time-dependent perturbation theory approach in the Heisenberg representation that admits an analytic classical (@ 0) limit [13] in the response of the oscillator to the field.
In addition to the actual result on symmetry breaking, the approach below significantly extends recent developments in perturbative studies in the Heisenberg picture [14, 15] by (a) including the effects of the external field in the perturbative expansion, and (b) in establishing the power of the method in studies of classical-quantum correspondence. Further, by working in the Heisenberg picture we construct a useful time-dependent perturbation theory that is general and independent of the initial state. Although individual terms in the resultant quantum expression are found to have a singular classical limit, the overall result is shown to have an analytic @ 0 limit that coincides with true classical behavior. In this way, it provides direct insight into symmetry breaking arising classically and quantum mechanically. Since physical insight is the primary focus of this work, resultant complicated analytic formulas are relegated to supplementary information [16] .
Consider then a charged particle confined in a bounding quartic potential that is being driven by an external radiation field Et in the dipole approximation. The anharmonic oscillator is defined by the Hamiltonian
where x, p, and m denote the coordinate, momenta, and mass of the particle. Here 2 f0; 1g, > 0, with determining the strength of the anharmonicities in the potential. The total system Hamiltonian is
where q is the charge on the system and Et ! cos!t ! 2! cos2!t 2! . Insight into spatial asymmetry induced by Et can be obtained via the long-time average of the position operator in Heisenberg picture, i.e.,x H t, a quantity which measures the average symmetry breaking. To obtain this quantity we perform a double perturbative expansion for the operatorx H t in the anharmonicities and in the radiationmatter interaction. The anharmonicities are included to minimal order in a multiple-scale approximation, while the interaction with the radiation field is taken into account up to third order.
Givenx H t, the classical solution xt can then be extracted by first identifying the position and momentum operators,x x H 0 andp p H 0, inx H t with the classical position and momentum variables, x x0 and p p0, and then taking the limit @ ! 0, i.e.,
Withx H t and xt one can then calculate quantum or classical averages for any initial state,
hxit Trx H t 0 ; hxi c t Trxt 0 x; p; (4) respectively. Here, 0 is the density matrix of the quantum system at preparation time, while 0 x; p is a classical phase-space distribution of initial conditions. Consider then the evolution operatorÛt, which providesx H t Û y txÛt. A perturbative expansion ofÛt is most conveniently carried out in the interaction picture. In it,Ût Û 0 tÛ I t, whereÛ 0 t expÿ i @Ĥ 0 t is the evolution operator in the absence of the field whileÛ I t captures the effects induced byVt ÿqxEt on the dynamics. In this way the problem is split into two steps-a perturbative analysis to include the oscillator anharmonicity and a subsequent perturbation to include the external field. The former utilizes a recently obtained exact operator solution forx I t Û y 0 txÛ 0 t to minimal order in a quantum multiple-scale perturbation theory [15] . This solution includes corrections to all orders in the anharmonicities and, in this way, captures an additional time scale in the dynamics (the quantum analog of a first-order frequency shift). Reexpressed in terms of raising (â y ) and lowering (â) operators and modified to adopt the units in the Hamiltonian [Eq. (1)], it reads
Here, n Ĥ n@! 0 =2 is an operator that contains the renormalization of ! 0 due to the anharmonicities, 3=m! 3 0 is proportional to the strength of the anharmonicities,Ĥ x;p p
2 is the Harmonic oscillator Hamiltonian operator,x x 0 â y â and p im! 0 x 0 â y ÿâ are the position and momentum operators in the Schrödinger picture, and x 0 @=2m! 0 p is a characteristic length. In deriving Eq. (5) from the one in Ref. [15] , it is useful to note that
for any operator fĤ k
the nth order correction. Here,V I t ÿqx I tEt is the radiation-matter interaction in the interaction picture. In order to solve Eq. (7) it is necessary to guarantee that all the operators within the integral commute; the required operator reordering was done using Eq. 
is composed of 34 370 oscillatory terms that evolve on various time scales determined by the different combinations of the natural oscillator frequencies and the two laser frequencies. Out of all of them, only that subset that has a zero-frequency (dc) component in the oscillatory exponentials contributes to the net dipole. The remaining terms, with a residual frequency dependence, average out to zero in time. For example, all terms that are first order in the field average out to zero, so that symmetry breaking is a nonlinear optical effect. Not all the dc terms in Eq. (8) induce symmetry breaking. If the initial state is symmetric, only those terms for which i j is odd inÛ iy IxI tÛ j I give a nonzero contribution to the expectation value. That is, symmetry breaking comes from the interference between an even and an odd order response to the field. This result is well known when the initial state is a parity eigenstate [1] [2] [3] 7] . However, in fact this result arises from considerations of reflection symmetry, rather than of conservation of parity, a subtle but significant distinction since parity is nonclassical.
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To make explicit the distinction between being reflection symmetric and being in a state of definite parity, consider the density operator in the position representation: because they haveâ nâym with (n m) even, whereâ x ip=m! 0 =2x 0 . As a result, the zeroth and second-order terms in Eq. (8) do not contribute to the expectation value and can be discarded. Parity considerations that solely arise in quantum mechanics do not, however, add anything to the analysis.
This approach yields a final operator expression for the net dipole:
where the overbar denotes time averaging. The explicit expression for the operatorÿ is given in the supplementary material [16] . Note that the only operator entering intoÿ iŝ H , i.e.,ÿĤ ; !; ; @ P 1 n0 ÿ n !; ; @Ĥ n , where the ÿ n coefficients are c numbers. Further, in the limit of zero anharmonicity, all symmetry breaking effects are lost, i.e. lim !0ÿ Ĥ ; !; ; @ 0. Hence, it is precisely because of the anharmonicities that the system can exhibit a nonlinear response to the laser, mix the frequencies of the field and generate a zero-harmonic component in the response. Equation (9) makes clear, first and foremost that the sign and magnitude of the dipole can be manipulated by varying the relative phase between the two frequency components of the laser. This central feature arises irrespective of the initial state and it is the source of control in laser-induced symmetry breaking. Further, the @ ! 0 limit of Eq. (9) is analytic and nonzero, despite the fact that individual perturbative terms entering into Eq. (9) can exhibit singular behavior as @ ! 0. Hence, the field-induced interferences responsible for symmetry breaking do not disappear in the classical limit and are the source of classical control. Fig. 1 shows a comparison of xt with a numerical integration of Newton's equations for a particle initially at rest (H 0). The two coincide for a wide range of anharmonicities and field strengths, the agreement being excellent for weak fields and small anharmonicities where the perturbative considerations are valid. Thus, we are able to recover true classical symmetry breaking from the quantum solution. Hence, the quantum and classical versions of laser control of symmetry breaking are one and the same physical phenomenon.
In the quantum case, the net dipoles can be divided into an @-independent classical-like contributionx c t lim @!0xH t and an entirely quantum-mechanical part x q t, so that:
The nature of the quantum corrections in this equation can be associated with the @ dependence of the resonance structure of the oscillator. Indeed, within the approximations that underlie Eq. (9), the ! 2! laser samples a total of eight resonances at f Interestingly, when expectation values are calculated, as in Eq. (4), different initial states emphasize eitherx c t or x q t depending on the nature of the state. To demonstrate this and expose the differences between quantum and classical symmetry breaking, we explore the whole parameter space of Eqs. (9) and (10) . To do so we are required to select an initial state. In the quantum case, we choose the nth eigenstate ofĤ with energy E n @! 0 n 1 2 . In the classical case, we choose a classical ensemble of particles with phase-space density 0 x; p H ÿ E n =, where is a normalization factor. For this density the classical ensemble average of xt coincides with the expectation value of the classical part ofx H , hxti c hx c ti. This is true because hÿ c H ; !; i c ÿ c E n ; !; in close analogy with the quantum case. Figure 2 shows some representative results. The classical solution [ Fig. 2(a) ], which in the parameter space shown is the same for all E n , is composed of three broad resonances at ! 1 2 ! 0 E n ; ! 0 E n ; 2! 0 E n . In contrast, the quantum solutions exhibit a fine @-dependent resonance structure, making quantum symmetry breaking look very different from the classical one. For example, the quantum n 0 case [ Fig. 2(b) ] differs dramatically from the classical solution except at small values for the anharmonicities. In all other cases, out of resonance and at small anharmonicities the classical and quantum solutions resemble one another. The situation is very different near resonances where the quantum features can be dominant. Nevertheless, as the energy E n of the initial state increases [the progression shown in Figs. 2(b)-2(e)], and becomes large with respect to @! 0 , the quantum resonances gradually merge together into three broad classical resonances. That is, the state progressively emphasizes the classical part ofx H t,x c t, and quantum and classical symmetry breaking coincide.
In conclusion, we have shown that laser control of symmetry breaking in quantum and classical systems correspond to the same physical phenomenon, with a common reliance on classically meaningful reflection symmetry arguments, rather than parity. The observed symmetry breaking is a consequence of field-driven interferences that do not vanish in the classical limit.
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